It is argued that the one-loop effective action for a space-like noncommutative scalar field theory does not exist. This indicates that such theories are not renormalizable already at one loop order and suggests supersymmetrization and reinvestigating other types of noncommutativity.
The consistency of a noncommutative quantum field model crucially depends, even at one loop, on the choice of the matrix Θ := (Θ µν ) of noncommutative parameters. As is well-known, in a noncommutative field theory with superficial UV divergences, one-loop radiative corrections to 1PI Green functions consist of a planar part and a nonplanar part. The planar part contains the local UV divergences and has the same dependence on Θ as the classical action, whereas the nonplanar part is UV finite, but depends on Θ in a complicated way. By adding suitable local counterterms to the classical action, the UV divergences in the planar parts are subtracted and one is thus left with renormalized Green functions.
These functions must be consistent with unitarity. However, combining renormalizability and unitarity is not a trivial undertaking. It is known that for space-like or 'magnetic' Θ the one-loop renormalized Green functions preserve unitarity [1] . Indeed, since the time-space components Θ 0i of a space-like Θ vanish, no violations of unitarity are introduced when using Wick rotation to compute Feynman integrals. The problem that arises then is that the renormalized 1PI Green functions, while being consistent with unitarity, in general do not yield a well-defined effective action, thus putting in jeopardy the existence of space-like noncommutative quantum field theories. In this paper we show in detail that this is the case for a real scalar field theory and discuss the connections with other issues in the literature.
We derive this result in configuration space, in which it comes out in a very elegant and natural way, and then translate it into terms of the known expressions for the 1PI Green functions in momentum space. It is important to mention at the outset that we are able to recover for the latter functions the results already in the literature. The point is that they do not define an effective action.
Let us consider a real field ϕ(x) with classical action
where = ∂ µ ∂ µ is the d'Alambertian, m 2 is the mass squared, λ is the coupling constant and ⋆ denotes the Moyal product. We consider space-like noncommutativity, for which the components Θ 0i vanish (i = 1, 2, 3). Without loss of generality, by a rotation, Θ can be put in the canonical form
It is then convenient to split the coordinates x of a point in spacetime as x = (x,x), with x = (x 0 , x 1 ) andx = (x 2 , x 3 ). Similarly, we write p = (p,p) in momentum space. Here the Moyal product of two functions f and g is given by
This definition, a particular case of one due to Rieffel [2] , is equivalent to the more familiar one
under conditions spelled in [3] .
Using standard techniques and after Wick rotating the time coordinate, the one-loop contribution Γ 1 to the effective action can be recast [4] as
where the operators H and H 0 are given by
Here ∆ = −∂ µ ∂ µ is the Laplacian in four-dimensional euclidean space and L f and R f denote the operators of left and right Moyal multiplication by f . Note that, as we have defined it, the Laplacian ∆ is positive definite, also that L f and R f commute with each other, and that V becomes in the commutative limit the ordinary multiplication operator by λϕ 2 /2. Now, the expression for Γ 1 above needs regularization. We regularize it by using a zeta regularization-like method which amounts to replacing 1/t in the integrand with µ 2ǫ /t 1−ǫ , where ǫ is complex and µ is a mass scale introduced to keep the correct mass dimension. Thus we write for the regularized one-loop contribution to the effective action
Our concern here is to calculate the divergent part of Γ reg 1 [ϕ] as ǫ → 0, to see whether the resulting divergences can be subtracted by local counterterms, and if the result of doing so is well-defined. To calculate the divergent parts as ǫ → 0, we proceed in two steps. First, we use the covariant perturbation method of Barvinsky and Vilkovisky [5] to compute
where K n (∆, V, t) is given by
Secondly, we retain in the expansion (2) the terms potentially divergent at ǫ = 0. Using that K n (∆, V, t) ∼ e −tm 2 t n−2 as t → 0 (for precise estimates we refer to [6, Section 10.2]), one immediately sees that for n ≥ 3 the corresponding contribution to the effective action is finite, and that potential divergences only occur for n = 1 and n = 2. This is as expected, for n = 1 and n = 2 correspond to 2-and 4-point 1PI Green functions, known to be superficially divergent, whereas terms with n ≥ 3 correspond to 1PI Green functions with six or more ϕ, and these are known to be finite. We thus write
Let us concentrate on the contribution to the regularized effective action quadratic in ϕ, given by the first term in (3) . Using the expressions of H 0 and V , it takes the form
Writing the trace as Tr (· · · ) = d 4 x x | · · · | x , using Rieffel's expression (1) for the star product and recalling x|e −t∆ |y = 1 (4πt) 2 e −|x−y| 2 /4t , it is straightforward to show that the first and second terms in the parenthesis in (4) give the same contribution
and the third one yields
It is clear that the contributions to the effective action Γ reg (2) 1 [ϕ] that result from these traces are well-defined if ǫ is not an integer equal or less than one. In fact, keeping ǫ away from the poles and integrating over t, we obtain
In the first term we recognize a planar local contribution. Hence the divergence that occurs in it as ǫ → 0 can be subtracted by adding a local counterterm to the classical action. This is the usual mass renormalization. The second contribution, however, is nonplanar and developes a nonlocal singularity as ǫ → 0 that can not be subtracted by a local counterterm. This means that the theory is not renormalizable.
Let us understand this result in terms of 1PI Green funtions. By functionally differentiating the regularized effective action we generate the regularized 1PI 2-point Green function Γ
and a nonplanar part
The nonplanar part is neither finite nor local at ǫ = 0. This represents a particularly nasty strain of UV divergences in the nonplanar sector and makes the theory unrenormalizable already at one loop. Note furthermore that this analysis is prior to whatever considerations about the limit θ → 0 might be done. Yet the presence of long-range correlations indicates that we see here a kind of UV/IR mixing.
We next show how this result fits with the expressions in the literature for one-loop radiative corrections in momentum space. To this end, we need the Fourier transform of the 2-point 1PI Green function obtained above. Restricting ourselves to the the problematic nonplanar part, one finds when ǫ is not a negative integer [7] for its Fourier transform
Here K ν (·) denotes the third Bessel function of order ν. Apparently the limit ǫ → 0 of this expression is harmless and one is tempted to write
which after rotating back to Minkowski momentum space, reproduces indeed the known results in the literature -see e.g. [8] . The key point, however, is that the function K 1 (θm|p|)/θm|p| is not locally integrable and thus it does not define a distribution. It has no Fourier transform either. This matters because in the integral 1 2
which would define the corresponding contribution to the effective action,φ(p) is a c-number function [9, Section 6.2], and such integral is undefined.
Let us discuss this point in some more detail. For a generic c-number functionφ(p) the integral (8) does not exist, since
This hints that a way to avoid the problem would be for the 2-point 1PI Green function to depend on a linear combination of |p| and |p| so that Σ 1,NP would only diverge for both |p| and |p| → 0, in which case the modulus |p| of the four-momentum approaches zero and the measure d 4 p ∼ |p| 3 d|p| improves the convergence of the integral (8) . To have such a dependence, the rank of the noncommutativity matrix must be four instead of two. The reason for this is that covariance implies that the 2-point 1PI Green function in momentum space may only depend on the mass and p • p := p µ Θ µ ν Θ νσ p σ , and for p • p to involve |p| and |p|, a rank-four Θ matrix is needed. Indeed, if the noncommutativity matrix has the form Θ = ζS 0 0 θS , p • p takes the form ζ 2 |p| 2 + θ 2 |p| 2 . The 2-point 1PI Green function in configuration euclidean space can then be calculated along the very same lines as presented here, with the same result for the planar part, whereas for the nonplanar part one obtains
See ref. [10] for the same calculation with a different approximation method for the heat kernel and a different regularization scheme. Now the effective action and the Fourier transform
exist for ǫ = 0. The latter depends on |p| and |p|, thus making the integral (8) well-defined. This formula can be Wick-rotated to Minkoswki momentum space.
In view of the state of affairs expounded here, several alternatives to ordinary field theory with space-like noncommutativity are worth considering.
• Other types of noncommutativity should be further investigated in regard of unitarity.
Some progress along this line has been made in refs. [11] and [12] .
• So far we have been discussing the 2-point part of the effective action. The 4-point part, given by the second term in (3), can also be be evaluated in the same way, and turns out to be free of this disease (although not of the UV/IR mixing). On the face of it, one could think of performing by fiat a non-local renormalization of the 2-point function.
• The pathology discussed in this paper adds itself to an endemic list of troubles [13] . If one wants to stay within the realm of conventional perturbative renormalization, it seems again that the only way out for space-like noncommutativity is to supersymmetrize the theory.
In this case, one would expect that, in the same manner as for gauge theories the quadratic noncommutative IR divergences in the 2-point 1PI Green functions are cancelled by the supersymmetric partners of the gauge field, the supersymmetric partners of the scalar field ϕ would cancel the non-integrability in Σ ren 1,NP so as to render a well-defined contribution to the effective action.
We note finally that it has been reported [14] that, for noncommutative gauge theory with space-like noncommutativity, the axial anomaly acquires a non-planar contribution. A natural question is whether in a gauge theory the disease found here is also present and is related to this anomaly phenomenon.
